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Notation: Div, Curl, Grad

Divergence (Div) of a vector:

∇ · u =
∂u1

∂x1

+
∂u2

∂x2

+
∂u3

∂x3

Rotation (Curl) of a vector:

∇× u =
(∂u3

∂x2

− ∂u2

∂x3

,
∂u1

∂x3

− ∂u3

∂x1

,
∂u2

∂x1

− ∂u1

∂x2

)
Gradient (Grad) of a vector:

H ≡ ∇u =
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
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Notation: Strain and Rotation Tensor

Symmetric gradient (strain) tensor:

ε ≡ ∇u+ (∇u)T
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
Anti-symmetric gradient (rotation) tensor:

ω ≡ ∇u− (∇u)T
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
Note that

H = ε+ ω.
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Notation: Stress tensor

Stress tensor:

σ =


σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33


For linear elasticity, the stress tensor is related to the strain
tensor by

σ = Cε, ε = Sσ

where C is the elastic stiffness (fourth-order) tensor and S is the
elastic compliance (fourth-order) tensor. Assuming that they are
symmetric.
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Linear Elasticity: Stress Formulation

The governing equations are

−∇ · σ = b, in Ω. (1)

Here b is a body force

Since ε = Sσ = ∇u+∇uT

2
, we obtain

2Sσ − (∇u+∇uT ) = 0, in Ω,

−∇ · σ = b, in Ω.
(2)

This is the stress formulation.
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Linear Elasticity: Strain Formulation

The governing equations are

−∇ · σ = b, in Ω. (3)

Here b is a body force

Since ε = ∇u+∇uT

2
and σ = Cε, we obtain

2ε− (∇u+∇uT ) = 0, in Ω,

−∇ · Cε = b, in Ω.
(4)

This is the strain formulation.
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Linear Elasticity: Boundary Conditions

Displacement boundary condition:

u = gD, on ΓD. (5)

Stress boundary condition:

σ · n = gN , on ΓN . (6)

The complete governing equations:

2Sσ − (∇u+∇uT ) = 0, in Ω,

−∇ · σ = b, in Ω,

u = gD, on ΓD,

σ · n = gN , on ΓN .

(7)
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Approximation Spaces

We introduce the following spaces

W k
h = {w ∈ L2(Th) : w|K ∈ Pk(K),∀K ∈ Th},

V k
h = {v ∈ [L2(Th)]d : v|K ∈ [Pk(K)]d,∀K ∈ Th},

Qk
h = {E ∈ [L2(Th)]d×d : E|K ∈ [Pk(K)]d×d,∀K ∈ Th},

Sk
h = {ζ ∈ [L2(Th)]d×d : ζ|K ∈ [Pk(K)]d×d, ζ = ζT ,∀K ∈ Th},

M k
h = {µ ∈ [L2(Eh)]d : µ|F ∈ [Pk(F )]d,∀F ∈ Eh}.

Note that Sk
h is the space of polynomials for symmetric tensors.
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HDG Method for Linear Elasticity

We seek (σh,uh, ûh) ∈ Sk
h × V k

h ×M k
h such that

(Sσh, ζ)Th + (uh,∇ · ζ)Th − 〈ûh, ζ · n〉∂Th = 0,

(σh,∇w)Th − 〈σ̂hn,w〉∂Th = (b,w)Th ,

〈σ̂hn,µ〉∂Th\∂Ω + 〈ûh − gD,µ〉ΓD
+ 〈σ̂hn− gN ,µ〉ΓN

= 0,

(8)

for all (ζ,w,µ) ∈ Sk
h × V k

h ×M k
h , where

σ̂hn = σh · n− τ (uh − ûh). (9)

Here τ is the stabilization tensor.
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Nonlinear Elasticity

We consider the static equilibrium for a nonlinear elastic body

F −∇ϕ = 0 in Ω, (10a)
−∇ · P (F ) = b in Ω (10b)

ϕ = gD, on ΓD (10c)
P · n = gN , on ΓN , (10d)

Here ϕ is the position vector, F the deformation gradient, and P
the first Piola-Kirchhoff tensor.

Note that
ϕ = u+ x, F = ∇u+ I. (11)

The vector ϕ describes the deformation of the elastic body Ω.
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Hyperelastic materials

For hyperelastic materials, the first Piola-Kirchhoff tensor is
defined by

P =
∂ψ

∂F
, (12)

where ψ is a strain energy density function.

Neo-Hookean model:

ψ =
µ

2

(
trace(F TF )− 3− 2 ln(det(F ))

)
+
λ

2
(ln(det(F )))2 (13)

where µ and λ are the Lamé parameters

µ =
E

2(1 + ν)
, λ =

Eν

(1 + ν)(1− 2ν)
. (14)

Here E is Young’s modulus and ν is Poisson’s ratio.
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HDG Method for Nonlinear Elasticity

We seek (Fh,ϕh, ϕ̂h) ∈ Qk
h × V k

h ×M k
h such that

(Fh,E)Th + (ϕh,∇ ·E)Th − 〈ϕ̂h,E · n〉∂Th = 0,

(P (Fh),∇w)Th −
〈
P̂hn,w

〉
∂Th

= (b,w)Th ,〈
P̂hn,µ

〉
∂Th\∂Ω

+ 〈ϕ̂h − gD,µ〉ΓD
+
〈
P̂hn− gN ,µ

〉
ΓN

= 0,

(15)

for all (E,w,µ) ∈ Qk
h × V k

h ×M k
h , where

P̂hn = P (Fh) · n− τ (ϕh − ϕ̂h). (16)

Here τ is the stabilization tensor.
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Linear Elastodynamics

The governing equations:

2Sσ − (∇u+∇uT ) = 0, in Ω,

ü−∇ · σ = b, in Ω,

u = gD, on ΓD,

σ · n = gN , on ΓN .

(17)

Introducing v = u̇, we obtain

2Sσ̇ − (∇v +∇vT ) = 0, in Ω,

v̇ −∇ · σ = b, in Ω,

v = ġD, on ΓD,

σ · n = gN , on ΓN .

(18)
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HDG Method for Linear Elastodynamics

We seek (σh,vh, v̂h) ∈ Sk
h × V k

h ×M k
h such that

(Sσ̇h, ζ)Th + (vh,∇ · ζ)Th − 〈v̂h, ζ · n〉∂Th = 0,

(v̇h,w)Th + (σh,∇w)Th − 〈σ̂hn,w〉∂Th = (b,w)Th ,

〈σ̂hn,µ〉∂Th\∂Ω + 〈v̂h − ġD,µ〉ΓD
+ 〈σ̂hn− gN ,µ〉ΓN

= 0,

(19)

for all (ζ,w,µ) ∈ Sk
h × V k

h ×M k
h , where

σ̂hn = σh · n− τ (vh − v̂h). (20)

Here τ is the stabilization tensor.
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Nonlinear Elastodynamics

We consider the dynamics for a nonlinear elastic body

F −∇ϕ = 0 in Ω, (21a)
ϕ̈−∇ · P (F ) = b in Ω (21b)

ϕ = gD, on ΓD (21c)
P · n = gN , on ΓN , (21d)

Introducing v = ϕ̇, we obtain

Ḟ −∇v = 0 in Ω,
v̇ −∇ · P (F ) = b in Ω

v = ġD, on ΓD

P · n = gN , on ΓN ,

(22)
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HDG Method for Nonlinear Elastodynamics

We seek (Fh,vh, v̂h) ∈ Qk
h × V k

h ×M k
h such that

(Ḟh,E)Th + (vh,∇ ·E)Th − 〈v̂h,E · n〉∂Th = 0,

(v̇h,w)Th + (P (Fh),∇w)Th −
〈
P̂hn,w

〉
∂Th

= (b,w)Th ,〈
P̂hn,µ

〉
∂Th\∂Ω

+ 〈v̂h − ġD,µ〉ΓD
+
〈
P̂hn− gN ,µ

〉
ΓN

= 0,

(23)

for all (E,w,µ) ∈ Qk
h × V k

h ×M k
h , where

P̂hn = P (Fh) · n− τ (vh − v̂h). (24)

Here τ is the stabilization tensor.
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