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Goals:
@ Linear elasticity
@ Nonlinear elasticity

@ Elastodynamics
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Notation: Div, Curl, Grad

Divergence (Div) of a vector:
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Gradient (Grad) of a vector:
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Notation: Strain and Rotation Tensor

Symmetric gradient (strain) tensor:
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Anti-symmetric gradient (rotation) tensor:
1,0 0 1,0 Ous:
- (v )T 0 5(8_;; o 6_7;9 E(aZ; aZf)
_ vu—(Vu 1,9 9 1,9 Au:
we— =GR SR) 0 GRS
1,0 0 1,0 0
(6o — 5s) 25w — Bus) 0
Note that
H=¢+w.
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Notation: Stress tensor

Stress tensor:
011 012 013
o = 021 O22 023
031 032 033

For linear elasticity, the stress tensor is related to the strain
tensor by

o =Ce, e=S8o

where C is the elastic stiffness (fourth-order) tensor and S is the
elastic compliance (fourth-order) tensor. Assuming that they are
symmetric.
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Linear Elasticity: Stress Formulation

The governing equations are

V.o = b, inQ. (1)
Here b is a body force
Since € = So = YutVul we obtain

280 — (Vu+Vu') = 0, inQ,
—-V.o0 = b, in Q.

This is the stress formulation.
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Linear Elasticity: Strain Formulation

The governing equations are

~V-o = b, inQ. (3)
Here b is a body force
Since e = Y4tVul and o = Ce, we obtain

2¢ — (Vu+Vu') = 0, inQ,
_V.Ce = b, inQ.

This is the strain formulation.
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Linear Elasticity: Boundary Conditions

Displacement boundary condition:
u=gp, onlp. (5)
Stress boundary condition:

o-n=gy, only. (6)

The complete governing equations:

280 — (Vu +Vul) = 0, in Q,
—-V-o0 = b, in Q,
(7)
u = dgp, on FDv
o-n = gy, onIy.
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Approximation Spaces

We introduce the following spaces

Wi ={we LXTh) : wlx € Pu(K),VK € Tp},

ViE={ve [T : vlk € [PUK). VK € Thl,

Qi ={E € [L*(T))"" : Elx € [Pe(K)|™", VK € Tp},

Sy ={C e [LAT)I™ : (ke € [Pu(E)] ™, ¢ =T VK € T},
M = {p € [L*(&)]" : plr € [Pu(F)VF € &}

Note that S is the space of polynomials for symmetric tensors.
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HDG Method for Linear Elasticity

We seek (o, up, uy) € Si x Vi x M} such that
(Son, Q)7 + (un, V- Q)7 — (U, ¢ - 1)y, =0,
(on, Vw)7, — (oan, w) . = (b,w)7,
(onm, I"’)@Th\aQ + (un — gp, K)r, + (Gn — g, Piry =0,
(8)
for all (¢, w, u) € S¥ x V¥ x MF, where
oxn =op-n—T1(u, —Up). 9)

Here 7 is the stabilization tensor.
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Nonlinear Elasticity

We consider the static equilibrium for a nonlinear elastic body

F—-Ve=0 in €, (10a)
~V-P(F)=b in (10b)
$=gp, onlp (10c)

P -n=gy, on 'y, (10d)

Here ¢ is the position vector, F' the deformation gradient, and P
the first Piola-Kirchhoff tensor.

Note that
p=u+z, F =Vu+1I. (11)

The vector ¢ describes the deformation of the elastic body 2.
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Hyperelastic materials

For hyperelastic materials, the first Piola-Kirchhoff tensor is
defined by

0y
P=_r (12)

where v is a strain energy density function.

Neo-Hookean model:
) = (trace(FTF) -3 - 21n(det(F))) + % (ln(det(F)))2 (13)

where i and )\ are the Lamé parameters

FE Ev

T T () (14)

/1,:

Here E is Young’s modulus and v is Poisson’s ratio.
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HDG Method for Nonlinear Elasticity

We seek (Fj, pi, #n) € Q) x V,f x M} such that
(Fh7E)7—h + (‘Ph; v : E)'Th - <$h, E . n>87—h — 07

(P(F),Vw)T, — <13hn,'w>87h = (b,w)7,

ﬁ ) > On — ) <ﬁ - ) > = Oa
< ATV, [ 677L\8Q+<‘ph gp, ), + ( Pan — gn, p .
(15)
for all (E,w, n) € QF x V¥ x MF, where
Pon=P(F,) -n—1(pn— ). (16)

Here 7 is the stabilization tensor.
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Linear Elastodynamics

The governing equations:

280 — (Vu+vu’) = 0, inQ,
W-V-oc = b inQ,
(17)
u = (¢gp, onl'p,
o-n = gy, onI'y.

Introducing v = @, we obtain

286 — (Vv + VoT) = 0, in Q,
v—V-o = b, in €,
. (18)
v = (¢, onIp,
o-n = gy, on FN.
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HDG Method for Linear Elastodynamics

We seek (o, v, 5) € SF x ViF x M} such that
(Sd-ha <)7-h + (vh7 V- C)Th - <'8h7 C ’ ’n’>87'h = 07
(’bhv w)Th + (0717 vw)Th - <8hnv ’w>87'h = (b7 w)ﬁv

{@n1, B orna0 + (On — 9. Wr, +(@0m — g, p)r, =0,
(19)

for all (¢, w, u) € S¥ x V¥ x MF, where
oxn =op-n—T1(v, —U). (20)

Here 7 is the stabilization tensor.
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Nonlinear Elastodynamics

We consider the dynamics for a nonlinear elastic body

F—-Vep=0 in Q, (21a)
p—V-P(F)=b in Q (21b)
¥ =9p, onI'p (21¢)
P -n =gy, onTy, (21d)
Introducing v = ¢, we obtain
F—-Vv =0 in Q,

v—V.P(F) :.b in (22)

P-n = an, on FN,
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HDG Method for Nonlinear Elastodynamics

We seek (F},, vy, vn) € Q) x V,f x M} such that
(B B)7, + (00, V - B}y, = (8. B )y, =0,

(80, w)5, + (P(FL), V) = (Pinow) = (b,w)s.

<Phn7 “>zm\asz + (Un — gp, W)y, + <Phn — gn; M>FN =0,
(23)
forall (E,w,u) € QF x V}F x M}, where
ﬁhn:P(Fh)-n—T(vh—ﬁh). (24)

Here T is the stabilization tensor.
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